Abstract: This paper focuses on statistical analysis of the effect of geometrical parameters on the overall resistance of a cluster of microcontacts. We analyse variation in mutual positions and radii of individual contacts from the mean values. It is shown that the effect of perturbations in the mutual positions is very small and the mean distance between the contact centres can be used to estimate the overall resistance. Effect of perturbations in the contact radii is small when the mean radius is small. Using elasticity-conductivity cross-property connections, this result is transferred to the incremental elastic stiffness of the cluster.
Introduction
We consider an interface between two nominally flat rough surfaces pressing against each other. The actual area of contact between such surfaces consists of several clusters of micro-contacts and is usually quite small -approximately 1-2% of the nominal contact area (Nagy, 1992; Thomas, 1999) . Geometry of the interface is characterised by the roughness and waviness of the contacting surfaces -roughness corresponds to micro-geometry (shape of individual micro-contacts) while waviness determines the macro-geometry -the clusters of individual contacts (Yovanovich and Marotta, 2003) . The space between the contacts is usually filled with a substance (gas, liquid, or grease) having a substantially smaller conductivity and elastic modulus than the contacting solids. The compliance of such a system has been analysed in a number of works, both theoretical and experimental, that emphasised different aspects of the problem. It appears that the main focus has been on non-linearities of the stress-displacement curve under increasing compression (see Baltazar et al., 2002 , for an overview of related literature). In the present paper we focus on incremental stiffness, i.e., the problem of contact area growth due to increasing load is not considered.
Electrical spreading resistance of the cluster, as well as its incremental elastic compliance, can be calculated as the sum of two terms:
1 sum of individual contributions of the micro-contacts 2 interaction between them (Holm, 1929) :
where the first term corresponds to non-interacting micro-contacts and the second one accounts for the interaction effect. Parameter α in equation (1.1) was introduced by Greenwood (1966) as "Holm's radius". The interaction between individual contacts leads to redistribution of the heat flux (or electric current) and increases the overall resistance of the cluster. When the spacing between spots is several times larger than the contact radii, the increase is by a factor of 1.5 or higher. Even if the spacing is of an order of magnitude larger than the micro-contacts' radii, the effect of interactions on the cluster resistance remains noticeable (of the order of 20%). Comparing the two terms, Greenwood (1966) noted that, for a large number of contacts n, the second term is of the order of 2ρ/πL where L is the linear dimension of the cluster (its diameter, for the circular cluster); hence, it is comparable to the first term if L is comparable to the sum of the contact radii Σa i . Therefore, for widely spaced contacts, the first term dominates, whereas for a sufficiently dense cluster the second term is the dominant one (Ervin and Sevostianov, 2009) .
Remark:
As discussed by Argatov and Sevostianov (2009), Holm' s radius is more appropriate for cluster resistance calculations than for cluster radius. For a dense cluster, in particular, equation (1.1) overestimates the overall resistance if cluster radius is used instead of the Holm's radius. We will consider a cluster that is sufficiently small compared to the nominal contact area. The cluster is also small compared to the distance to the nearest cluster (so we can ignore the cluster-cluster interaction). First, we focus on the conductivity problem and then extend the results to the incremental stiffness of the contacting surfaces. The heat flux (or electric current) in a conductor will distribute itself through a path of least resistance. This will give a minimum stationary value that is insensitive to small changes in current. Defining the electrical contact resistance of the interface as the ratio of the potential difference U applied to the contacting bodies to the total electric current I through the interface, one can write:
where I j are electric currents through individual contacts. For contacts which are circular in shape, the currents I j can be determined from the following system of linear algebraic equations (Greenwood, 1966) ):
Here, ρ is the material's bulk resistivity, a j is the radius of jth contact, and d jk is the distance between the centres of the jth and kth micro-contacts.
Holm's radius α represents one of several possibilities (probably, the simplest one) to account for interaction of micro-contacts. Its geometrical interpretation was discussed in detail by Argatov and Sevostianov (2009) where formulae for this parameter are also derived for several specific cluster shapes. In the present paper it is calculated by the direct solving system (1.3).
The square root of the total area of contacts k A ∑ becomes the controlling micro-structural parameter in the limit of touching contacts, provided the no-contact areas in-between micro-contacts are included into the total area. At the opposite limit of widely spaced non-interacting contacts, the controlling parameter is
(or the sum of contact radii); this leads to the hypothesis that, for uniformly spaced contacts forming circular cluster of radius R c , the quantity
constitutes the controlling micro-structural parameter for cluster compliance; the power exponent m changes was discussed by Sevostianov and Kachanov (2009a) .
Numerical experiment
The cluster used as a starting point contains 76 circular contacts of the same radii forming a square lattice (Figure 1(a) ). The shape of the contacts only mildly affects the overall cluster resistance and non-circular contacts can be replaced with good accuracy by circular ones of the same area (Sevostianov and Kachanov, 2009b) . In the numerical experiment, deviations of two parameters from the initial configuration have been analysed separately:
• positions of the individual contacts
• their radii.
We looked at the interactions between the individual contacts in a cluster and used the Holm's radius as a geometrical interpretation of the interaction effect. 
Effect of mutual positions
To quantify the effect of the interaction between the contacts in clusters of random micro-geometry, we considered sets of circular spots obtained from the regular array of 76 contact spots covering an approximately circular area considered in Greenwood's (1966) paper. With this aim, two random vectors containing 76 components each have been generated using the normal distribution law with standard deviation σ used as a parameter. We considered variation of σ from 0 to 2 with step 0.1. These two vectors were used to move the contacts' centres in the horizontal and vertical directions. As a result, clusters of controlled random geometry were obtained. The results are presented in Table 1 and Figure 2 . One can see that the mean resistance (and, therefore, mean interaction) depends on the value of σ only moderately. This dependence increases slightly with increasing radii of contact spots. This phenomenon can be explained from the perspective that the envelope of the cluster increases in size with increasing contacts' radii (Argatov and Sevostianov, 2009 ). An initial slight decrease of the Holm's radius can be explained by variation in positions of the contacts at cluster boundaries -some of them go into the cluster, making its radius smaller, some of them leave the cluster, but their influence is not very strong. Generally, we can conclude that for a random cluster, the mean distance between contacts can be used to calculate its Holm's radius, i.e., the statistical effect of the mutual positions of individual contacts is small enough (for considered values of σ) to use the results for σ = 0. Remark: In the process of generating random clusters, we did not prohibit overlapping of the contact spots. In several cases (at high values of σ) we obtained micro-structures involving intersecting spots. It did not lead, however, to any inconsistent results: the calculated resistance of the cluster was not substantially affected. Somewhat similar situations have been observed by Kachanov and Montagut (1989) in a different context of materials containing intersecting micro-cracks -in the calculation of the effective properties, crack intersections can be ignored.
Randomly distributed radii of individual contacts in a cluster
The second part of the study focused on the evaluation of the effect of perturbing the radii of individual contacts with the centres forming a square lattice. The inverse radii were perturbed using one random vector containing 76 components, generated according to the normal distribution law with standard deviation σ as a parameter. Using a variation of σ from 0 to 5 with step 0.5, the vector randomly changed the inverse radii of the individual contacts. As a result, clusters of controlled random geometry were obtained.
Typical examples of clusters corresponding to different values of σ are shown in Figure 3 using histograms to illustrate the different radii of individual contacts.
For each value of σ, 20 samples of micro-structures were generated for 12 values of the individual contact spot radii: 0.001, 0.01, 0.05, 0.1, and 0.2. The resistance for each cluster was found using equation (1.3); the Holm's radius was calculated from equation (1.1). The results presented in Table 2 and Figure 4 illustrate the variation of the calculated Holm's radius in dependence on standard deviation σ for various radii of the contact spots. It is seen that the mean Holm's radius increases with σ and for large contact radii (of the same order of magnitude as the distance between centres, 0.5) the scatter is quite large compared to contacts with a smaller radius such as 0.001 and 0.1. It can be explained using the geometrical interpretation of Holm's radius given by Argatov and Sevostianov (2009) -a good approximation of Holm's radius can be provided by the square root of the cluster envelope area. In particular, it means that bigger radii of individual contacts, lead to more pronounced variation in the envelope area and, therefore, in Holm's radius. 3 Cross-property connection between overall resistance and incremental compliance of a cluster of micro-contacts
In recent years the cross-property connection between the stiffness and conductance of a contact has been established in two ways (Sevostianov and Kachanov, 2009b) : via observed similarity between corresponding boundary value problems (Barber, 2003) and via similarity between geometrical parameters characterising resistance and incremental stiffness of a contact (Sevostianov and Kachanov, 2004) . The approach suggested by Barber (2003) can be applied without any changes to a cluster of contacts, since it is independent of the shape of the contact (the latter may be even multiply connected). Both approaches lead to the following relation between the incremental compliance Z n = dw/ dP and spreading resistance of the cluster:
where Young's modulus, Poisson's ratio and conductivity of the bulk material are denoted by E 0 , v 0 , and k 0 , respectively. According to Sevostianov and Kachanov (2009a) , the incremental stiffness is the same for Hertzian contacts and welded areas and distinguishing between the two is not necessary, as long as the contacting area is the same. The applicability of the approaches (initially developed for two contacting half-spaces) to bodies of finite size was shown by Sevostianov (2010) . Using the cross-property connections, formulae (1.1) and (1.3) for the overall resistance of the cluster can be reformulated in terms of overall compliance. The elastic analogue of the system of equations would yield the distribution of forces P i transmitted through the individual micro-contacts:
where w is the mutual approach of far points on both two sides of the interface. The first term in the brackets represents the vertical displacement of the ith contact generated by the force transmitted through this contact, and the second term, is the sum of displacements generated at the ith contact site by all the neighbours. This system of equations (in the general form, without using far field asymptotics) was derived independently by Galin (2008) and by Gladwell and Fabrikant (1982) . It leads to the expression for macroscopic incremental normal elastic compliance Z n of the cluster of micro-contacts in terms of Holm's radius (Ervin and Sevostianov, 2009 ):
From these formulae, it is seen that the interactions between individual contacts will affect the resistance and the incremental stiffness of a cluster in the same way, and have long range effects that increase these quantities. As was discussed in the Introduction, for spacing that is of an order of magnitude larger than the micro-contacts' radii, the effect of interactions on the cluster resistance remains noticeable (of the order of 20%). This is important for the compliance of a cluster. No-contact zones between closely spaced contacts produce little effect on the overall cluster compliance. For touching contacts, filling the gaps will leave the compliance almost unchanged.
Discussion
This paper addresses the problem of interactions between individual contacts in a cluster and investigates the effect that mutual positions and individual contact radii produce. Two separate statistical analyses were performed to study the effect of interactions between individual contacts in a cluster. The Holm's radius was used in both numerical experiments to give a geometrical representation of the interaction between the contacts. Electrical resistances of the random clusters were calculated solving system (1.3). The interaction between the individual contacts is expressed in terms of the Holm's radius which was calculated by A circular cluster containing a periodic arrangement of circular contacts with identical radii was used as a starting point. It is shown that Holm's radius only moderately depends on the specific distribution of the contacts, so the average distance between contacts can be used in the modelling of the resistance and the elastic stiffness of a cluster of contacts. The increase in the Holm's radius implies that interactions between the contacts decreased for larger values of σ. This can be attributed to the positions of the individual contacts being further from their original positions, and the fact that the area enveloping the cluster of contacts is noticeably larger than it was for the periodic arrangement of contacts. Using the cross-property connection between incremental normal elastic stiffness and spreading resistance of contacting surfaces, the same conclusion is valid for the elasticity problem as well -to estimate the effect of elastic interaction between individual contacts the average distance between the contact centres is sufficient. According to the results of the second numerical experiment (on perturbation of the radii of individual contacts from the mean value), the Holm's radius depends on the contact radii and this dependence may be strong if one or more contacts are much larger than the average radii. The Holm's radius was shown to vary more for larger values of the mean radii such as 0.2, compared to smaller mean values such as 0.001. It is related to the fact that the actual configurations have been built using perturbation of inverse radii. The Holm's radius is shown to increase with an increase in σ and a decrease in the interaction between contacts for both large and small mean radii, but is more apparent in the case of larger mean radii.
Clusters with symmetric radii distributions have little effect on the Holm's radius slightly depending on the radii of the individual contacts, meaning the mean radius can be used in modelling the resistance. The Holm's radius still increases slightly showing a decrease in interaction between contacts, but the deviation from the mean is much smaller when compared to the deviation of the skewed distribution from the mean Holm's radius. For both the skewed and the symmetrical distributions, the increase in the Holm's radius could be attributed to the increase in the total contact area of the cluster. The larger micro-contacts cause a decrease in the self-resistance of a cluster and, hence, decrease in the overall resistance of a cluster.
The cross-property connection allows one to extend this conclusion to the elasticity problem as well -the mean radius is sufficient to estimate the incremental stiffness of the cluster for small values of the mean radii. For larger values, it can be done if the deviations of the areas of individual contacts from the mean value are moderate and do not overlap several neighbouring contacts.
